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Abstract
We derive a dispersionless integrable system describing a local form
of a general three-dimensional Einstein-Weyl geometry with an Euclidean
(positive) signature, construct its matrix extension and demonstrate that
it leads to the Bogomolny equations for a non-abelian monopole on an
Einstein-Weyl geometry background. The corresponding dispersionless
integrable hierarchy, its matrix extension and the dressing scheme are
also considered.
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1 Introduction
The present paper is a continuation of the work [1], where an integrable matrix
extension of the Manakov-Santini system [2], [3] was introduced and it was
demonstrated that it describes a (2+1)-dimensional integrable chiral model in
an Einstein-Weyl space. Since the Manakov-Santini system corresponds to a
local form of a general Lorentzian Einstein-Weyl geometry [4] (in the complex
case, to a general complex analytic one), its integrable matrix extension gives
a local description of a general case of the integrable chiral model model on an
Einstein-Weyl geometry background.
The structure of the Bogomolny equations for a non-abelian monopole (see,
e.g., [5]) is analogous to the Yang-Mills-Higgs equations, representing a reduc-
tion of the self-dual Yang-Mills equations and leading to the integrable chiral
model [6], but, in contrast to it, they are written in Euclidean, not in Lorentzian
three-dimensional space. To consider these equations on an integrable geometric
∗This research was performed in the framework of State Assignment Topic 0033-2019-0006
(Integrable systems of Mathematical Physics).
†leonid@itp.ac.ru
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background, one needs a local description of an Einstein-Weyl geometry with a
positive (Euclidean) signature.
It is problematic to perform a reduction to real case with Euclidean signature
for the complex Manakov-Santini system because of asymmetry with respect
to independent variables. A more suitable candidate is a local description of
an Einstein-Weyl geometry using a generalisation of a dispersionless (2+1)-
dimensional Toda equation (d2DTL) [7]
(e−φ)tt = mtφxy −mxφty ,
mtte
−φ = mtymx −mxymt, (1)
with the Lax pair
∂xΨ =
(
(λ+
mx
mt
)∂t − (φt
mx
mt
− φx)λ∂λ
)
Ψ,
∂yΨ =
(
−
1
λ
e−φ
mt
∂t −
1
λ
(e−φ)t
mt
λ∂λ
)
Ψ. (2)
Form = t system (1) reduces to dispersionless (2+1)-dimensional Toda equation
(d2DTL)
(e−φ)tt = φxy, (3)
A conformal structure of an Einstein-Weyl geometry is defined by the symbol
of linearization of the equation representing a symmetric bivector (metric with
upper indices) [8], for equation (3) it is
h = ∂x∂y + e
−φ∂2t
In this case it is easy to obtain a real metric with an Euclidean signature sub-
stituting x = z, y = z¯, where z = x1 + ix2, to equation (3), which gives
(e−φ)tt = φzz¯ , (4)
and the corresponding conformal structure
h = ∂z∂z¯ + e
−φ∂2t
has an Euclidean signature in terms of real variables x1, x2, t. Lax pair for this
equation can be written in a symmetric form
∂zΨ = L1Ψ, L1 = λe
ϕ∂t − (ϕz + λe
ϕϕτ )λ∂λ,
∂z¯Ψ = L2Ψ, L2 = −
1
λ
eϕ∂t + (ϕz¯ −
1
λ
eϕϕτ )λ∂λ, (5)
here ϕ = − 12φ. For real ϕ we have a symmetry L2(λ) = L¯1(−λ¯
−1). Just this
symmetry is responsible for real Euclidean reduction of the conformal structure,
it is present for higher hierarchy operators also.
2
For system (1) similar reduction does not work due to the asymmetry with
respect to variables x, y. However, it was demonstrated in [7] that using a
rather simple complex transformation involving a dependent variable m and an
independent variable t it is possible to bring system (1) and its Lax pair to a
symmetric form, providing real Euclidean reduction. This transformation looks
natural in terms of the hierarchy connected with system (1).
The goal of the present work is to construct a symmetric analogue of equa-
tions (1) and their integrable matrix extension and a corresponding local form of
an Einstein-Weyl geometry with an Euclidean signature. We will demonstrate
that the matrix extension describes the Bogomolny equations on an Einstein-
Weyl geometry background.
We will take system (1) as a basic system, corresponding Einstein-Weyl
geometry was found in the work [8]. First we will demonstrate that matrix
extension of this system, constructed in the work [1], gives the Yang-Mills-Higgs
equations [5] on the Lorentzian Einstein-Weyl geometry background and, after
fixing the gauge, an integrable chiral model (this conjecture was made but not
proved in the work [1]). Then using a complex transformation we will proceed
to a symmetric analogue of equations (1) and the Lax pair, construct their
integrable matrix extension and demonstrate that it represents the Bogomolny
equations on an Einstein-Weyl geometry background (the Yang=Mills-Higgs
equations [5] on an Euclidean Einstein-Weyl geometry background). In the
final part of the work we will build the hierarchy for symmetric analogue of
equations (1) and its matrix extension and outline the dressing method scheme.
Twistor integrability of geometric structures related to our paper was estab-
lished in the works [9], [10], [11]. Integrable background geometries for different
reductions of the self-dual Yang-Mills equations connected with dispersionless
integrable systems are considered in the paper [12]. The scheme of integrable
matrix extension of dispersionless integrable systems was proposed in the work
[13].
2 A matrix extension of system (1)
2.1 An Einstein-Weyl geometry
The Einstein-Weyl geometry corresponding to system (1) was found in the work
[8]. A symbol of formal linearisation of system (1) leads to a symmetric bivector
of a conformal structure
h ∼ e−φ∂2t −mx∂y∂t +mt∂x∂y, (6)
which corresponds to the metric
g = (mxdx+mtdt)
2 + 4e−φmtdxdy, (7)
satisfying together with a differential form
ω =
(
mtt
m2t
− 2
φt
mt
)
(mx dx+mt dt) + 2
myt
mt
dy (8)
3
Einstein-Weyl equations.
Let us remind (see [8], [14] for more detail), that a Weyl space is a manifold
with a conformal structure [g] and a symmetric connection D consistent with
[g] in a sense that for every g ∈ [g]
Dg = ω ⊗ g (9)
for some differential form ω (the connection preserves a conformal class). The
change of a metric representing a conformal structure g → fg, where the func-
tion f 6= 0, corresponds to the transformation ω → ω + d ln f . For the case of
closed form ω it is possible locally to choose such a conformal gauge that the
connection D coincides with a metric connection. In a general case the form ω
defines a difference of the connection D from a metric Levi-Civita connection
∇, explicit formulae for Christoffel symbols of the connection D in terms of the
form ω and Levi-Civita connection for a metric g are given, e.g., in the work
[14],
DiV
j = ∇iV
j + γjikV
k,
here
γ
j
ik = −
1
2 (δ
j
i ωk + δ
j
kωi − gikg
jmωm).
Einstein-Weyl spaces are defined by the condition that the trace-free part of
the symmetrised Ricci tensor of the connection D vanishes (Einstein equations),
which together with relation (9) constitute Einstein-Weyl equations system, in
a coordinate form
Digij = ωigij , R(ij) = Λgij, (10)
here Λ is some function. Einstein-Weyl equations are correctly defined for arbi-
trary manifold dimension not less than three, but the most interesting case
is three-dimensional when they are integrable [11]. We cosider only three-
dimensional Einstein-Weyl geometry in the present work.
2.2 A matrix extension and the Yang-Mills-Higgs equa-
tions
In the work [1] we introduced a matrix extension of Lax pair (2)
L1 = ∂x − (λ+
mx
mt
)∂t + λ(φt
mx
mt
− φx)∂λ +A
L2 = ∂y +
1
λ
e−φ
mt
∂t +
(e−φ)t
mt
∂λ +
1
λ
B,
(11)
where A, B are matrices (Lie algebra elements). Commutativity conditions for
the matrix extension lead simultaneously to system (1) and matrix equations
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on the background of solutions of this system
∂tB + ∂yA = 0,
(∂x −
mx
mt
∂t)B −
e−φ
mt
∂tA− (φt
mx
mt
− φx)B + [A,B] = 0,
(12)
or, in terms of potential K, A = Kt, B = −Ky,
e−φKtt −mxKyt +mtKxy − (φtmx − φxmt)Ky −mt[Ky,Kt] = 0. (13)
This equation on the trivial background m = t, φ = 1 coincides (up to a change
of variables) with an integrable chiral model [5].
We would like to demonstrate that the matrix extension of system (1) cor-
responds to the Yang-Mills-Higgs equations on an Einstein-Weyl geometry (7),
(8) background, similar to the result obtained in the work [1] for the matrix
extension of the Manakov-Santini system. The Yang-Mills-Higgs equations on
an Einstein-Weyl geometry background read
DΦ + 12ωΦ = ∗F, (14)
where a 2-form F = dA + A ∧ A ( curvature of the connection, gauge field
intensity), A is a gauge field (potential) representing a 1-form with the values
in some (matrix) Lie algebra, Φ is a function taking values in the Lie algebra
(Higgs field, [5]), DΦ = dΦ + [A,Φ]. The form ω together with the metric g
satisfy Einstein-Weyl equations (10). For the Minkowski metric equation (14)
coincides with the Yang-Mills-Higgs system introduced by Ward [6], leading
to an integrable chiral model, in the Euclidean case it gives the Bogomolny
equations (see, e.g., [5]). Equation (14) is invariant under the change of a
conformal gauge of the Einstein-Weyl geometry g → fg, ω → ω + d ln f , Φ →
f−
1
2Φ.
We will introduce a special basis of vector fields and a dual basis of differen-
tial forms in which metric (7) takes a simple form, and will consider components
of equation (14) in this basis with the use of a standard formula
F (u, v) = ∇u∇v −∇v∇u −∇[u,v] (15)
which is valid for arbitrary vector fields u, v.
Let us introduce a basis of vector fields
e1 = ∂x −
mx
mt
∂t, e2 = ∂y, e3 = ∂t, (16)
in which symmetric bivector of conformal structure (6) is represented as
h = eφmte1 · e2 + (e3)
2. (17)
The dual basis of 1-forms reads
e1 = dx, e2 = dy, e3 = (dt+
mx
mt
dx), (18)
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and for metric (7) we obtain
g = 4
e−φ
mt
e1 · e2 + (e3)
2 (19)
(up to a conformal factor m−2t ).
Let us consider gauge covariant vector fields ∇i = ∇ei = ei + Ai. In terms
of these fields Lax pair (11) takes the form
L1 = ∇1 − λ(∇3 +Φ) + (φt
mx
mt
− φx)λ∂λ,
L2 = ∇2 +
1
λ
e−φ
mt
(∇3 − Φ) +
1
λ
(e−φ)t
mt
λ∂λ (20)
Operators (11) correspond to a special gauge compatible with commutativity
conditions. We will consider matrix extension (20) without fixing a gauge. From
the commutativity equations we obtain
−
1
2
eφmt[∇1,∇2] = [∇3,Φ] +
1
2
mtt
mt
∇3 −
1
2
(
2φt +
mtt
mt
)
Φ, (21)
[∇2,∇3 +Φ] = 0, (22)
[∇1,∇3 − Φ] =
(
mx
mt
)
t
(∇3 − Φ) (23)
We have omitted commutativity equations corresponding to the terms contain-
ing a derivative over spectral variable ∂λ. These equations do not contain a
matrix part and they reduce to the first equation of system (1). The second
equation of this system arises from the scalar (corresponding to commutation of
vector fields) part of relation (21). Relation (22) is responsible for the existence
of a gauge in which system (20) reduces to a form (11).
According to formula (15), using commutativity equations, for metric (19)
in the basis (18) we obtain
(∗F )3 = −
1
2
eφmt[∇1,∇2]−
1
2
mtt
mt
∇3,
(∗F )2 = [∇3,∇2],
(∗F )1 = [∇1,∇3]−
(
mx
mt
)
t
∇3.
A vector field in the r.h.s. of the first expression cancels due to the second equa-
tion of system (1), in the second it is absent, in the third it cancels identically.
Comparing the matrix part of compatibility equations (21-23) with Yang-Mills-
Higgs equations (14), we come to the conclusion that it represents equations
(14) with a 1-form
ω = −2
(
mx
mt
)
t
e1 −
(
2φt +
mtt
mt
)
e3 (24)
=
(
mtt
mt
mx
mt
− 2φt
mx
mt
− 2
mxt
mt
)
dx−
(
2φt +
mtt
mt
)
dt, (25)
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which, up to a conformal gauge corresponding to metric (19), ω → ω+2d lnmt,
coincides with 1-form (8).
Proposition 1. The matrix part of commutativity equations for Lax pair (20)
represents Yang-Mills-Higgs equations (14) on the background of Einstein-Weyl
geometry (7-8)
Using the statements of the work [4] that Einstein-Weyl geometry (7-8)
connected with system (1) is a local form of a generic Lorentzian (or, in the
complex analytic case, generic complex analytic) three-dimensional Einstein-
Weyl geometry, we come to the following conclusion:
Proposition 2. There exist local coordinates such that Yang-Mills-Higgs equa-
tions (14) on the background of real Lorentzian (general complex analytic) Einstein-
Weyl geometry reduce to equations of commutativity of operators (20), so that
the scalar part of commutativity conditions corresponds to system (1) defining
an Einstein-Weyl geometry (7), (8), and the matrix (gauge) part gives the Yang-
Mills-Higgs equations on the background of this Einstein-Weyl geometry.
3 The case of an Einstein-Weyl geometry with
the Euclidean signature
3.1 A symmetric Lax pair and equations
The technique needed to make a transition from system (1) to the system sym-
metric in variables x, y, describing an Einstein-Weyl geometry with the Eu-
clidean signature, was developed in the work [7]. This transition is described
by a rather simple transformation
t = τ + iµ,
m = τ − iµ, (26)
where τ is a new independent variable, and µ is a new dependent variable. This
transformation is considered for Einstein-Weyl geometry (1), (7), (8) in the
complex analytic case, and a real Euclidean reduction is defined by the condition
that φ, µ, τ are real and x, y are complex conjugated, x = z, y = z¯. To perform
a transition it is convenient to rewrite system (1) in terms of differential forms,
d(e−φ)t ∧ dx ∧ dy = dm ∧ dφy ∧ dy,
e−φdmt ∧ dx ∧ dy = −dm ∧ dmy ∧ dy,
Having in mind the matrix extension and the Yang-Mills-Higgs equations, we
will perform the transformation on the level of a Lax pair.
The transformation to a symmetric system arises naturally if one considers
the symmetries of linear operators and wave functions of the hierarchy, analo-
gous to the symmetry of Lax pair (5) for a simpler case of equation (3). We will
7
give a brief description in terms of the hierarchy below, and now we will move
on to a symmetric analogue of Lax pair (2) and construct its matrix extension,
similar to matrix extension (20) for Lax pair (2).
A symmetric Lax pair
∂zΨ = L1Ψ, L1 = (λe
ϕu+ v)∂τ + ((ϕτ v − ϕz)− λue
ϕϕτ )λ∂λ,
∂z¯Ψ = L2Ψ, L2 = (−
1
λ
eϕu¯+ v¯)∂τ − ((ϕτ v¯ − ϕz¯) +
1
λ
u¯eϕϕτ )λ∂λ,(27)
where ϕ = − 12φ, is obtained from Lax pair (2) by a transformation (26) plus an
extra twisting of spectral variable λ → eϕλ, it possesses a symmetry L2(λ) =
L¯1(−λ¯
−1). Here we have introduced the notations
u =
1
1 + iµτ
, u¯ =
1
1− iµτ
, v¯ =
iµz¯
1 + iµτ
, v = −
iµz
1− iµτ
.
Equations of commutativity of the Lax pair read
(vz¯−e
ϕu∂τ (e
ϕu¯) + v∂τ v¯)− c.c. = 0,
(∂z¯(ϕτv − ϕz)−e
ϕu∂τ (u¯e
ϕϕτ )− v∂τ (ϕτ v¯ − ϕz¯)−uu¯e
2ϕϕτϕτ )
+c.c. = 0,
or, in explicit form,
e2ϕ
1 + µ2τ
µττ + µzz¯ +
µzµz¯µττ
1 + µ2τ
−
iµz¯µτz
1 + iµτ
+
iµzµτ z¯
1− iµτ
= 0, (28)
1
2
(e2ϕ)ττ
1 + µ2τ
+ ϕzz¯ +
µzµz¯ϕττ
1 + µ2τ
+
iµzϕτ z¯
1− iµτ
−
iµz¯ϕτz
1 + iµτ
+ Fϕτ = 0, (29)
2F =
(
µzµz¯
1 + µ2τ
)
τ
+
(
iµz
1− iµτ
)
z¯
−
(
iµz¯
1 + iµτ
)
z
.
These equations can be obtained directly from system (1) by transformation
(26), also giving the corresponding Einstein-Weyl structure, which we will write
down below considering the matrix extension.
Reductions
Let us consider characteristic reductions of system (28-29).
A Hamiltonian reduction for vector fields of Lax pair (27) corresponds to µ =
0 (u = 1, v = 0), equation (28) vanishes, equation (29) reduces to dispersionless
(2+1)-dimensional Toda equation (3) for φ = (−2ϕ).
A linearly degenerate case for which vector fields of the Lax pair do not
contain a derivative over the spectral variable corresponds to ϕ = 0, equation
(29) vanishes, from equation (28) we get
(1 + µzµz¯)µττ + (1 + µ
2
τ )µzz¯ − i(1− iµτ )µz¯µτz + i(1 + iµτ )µzµτ z¯ = 0 (30)
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An interpolating reduction, which for system (1) looks like φ = β lnmt [7],
[15], for system (28-29) takes the form
ϕ = β tan−1 µτ
and leads to the equation
(eβ tan
−1 µτ + µzµz¯)µττ + (1 + µ
2
τ )µzz¯ − i(1− iµτ )µz¯µτz + i(1 + iµτ )µzµτ z¯ = 0
The limit β → 0 corresponds to the linearly-degenerate case (30), and β → ∞
to the Hamiltonian reduction (3).
3.2 A matrix extension
Let us consider the matrix extension of Lax pair (27)
L1 = ∂z − (λe
ϕu+ v)∂τ − ((ϕτv − ϕz)− λue
ϕϕτ )λ∂λ +A− λB,
L2 = ∂z¯ − (−
1
λ
eϕu¯+ v¯)∂τ + ((ϕτ v¯ − ϕz¯) +
1
λ
u¯eϕϕτ )λ∂λ + A˜+ λ
−1B˜, (31)
where A, B, A˜, B˜ are some matrix-valued functions. We introduce a basis of
vector fields
e1 = ∂z − v∂τ , e2 = ∂z¯ − v¯∂τ , e3 = ∂τ
and a dual basis of 1-forms
e1 = dz, e2 = dz¯, e3 = (dτ + vdz + v¯dz¯).
Let us rewrite the matrix extension of the Lax pair in terms of gauge covariant
vector fields ∇i = ∇ei = ei +Ai in the form
L1 = ∇1 − λue
ϕ(∇3 − iΦ)− ((ϕτv − ϕz)− λue
ϕϕτ )λ∂λ,
L2 = ∇2 +
1
λ
u¯eϕ(∇3 + iΦ) + ((ϕτ v¯ − ϕz¯) +
1
λ
u¯eϕϕτ )λ∂λ (32)
First consider the trivial background case, ϕ = 0, µ = 0,
L1 = ∇z − λ(∇τ − iΦ),
L2 = ∇z¯ +
1
λ
(∇τ + iΦ)
The conditions of commutativity of these operators read
[∇z ,∇z¯] = 2i[∇τ ,Φ],
[∇z ,∇τ ] = −i[∇z,Φ],
[∇z¯ ,∇τ ] = i[∇z¯ ,Φ], (33)
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or, in terms of real coordinates x1, x2, τ , z := x1 + ix2,
[∇x1 ,∇x2 ] = 4[∇τ ,Φ],
[∇x1 ,∇τ ] = −[∇x2 ,Φ],
[∇x2 ,∇τ ] = [∇x1 ,Φ]. (34)
It is easy to see that equations (34) represent the Bogomolny equations
DΦ = ∗F
for the Euclidean metric g = 4((dx1)2 + (dx2)2) + (dτ)2, and equations (33)
give a complex form of these equations with the expression for the metric g =
4dzdz¯ + (dτ)2.
Remark. Considering an imaginary coordinate τ = it leads to Minkowski metric,
and equations (33) in a special gauge give a symmetric version of the chiral model
studied in [16].
Let us proceed to the general case. From the conditions of commutativity
[L1, L2] = 0 for operators (32) we get
1
2iuu¯e2ϕ
[∇1,∇2] = [∇3,Φ] + 2ϕτΦ+
1
2i
(
u¯τ
u¯
−
uτ
u
)∇3 +
1
2
(
u¯τ
u¯
+
uτ
u
)Φ,
[∇1,∇3 + iΦ] +
u¯z − vu¯τ
u¯
(∇3 + iΦ) = 0
[∇2,∇3 − iΦ] +
uz¯ − v¯uτ
u
(∇3 − iΦ) = 0, (35)
a complete system of commutativity equation is obtained after adding equation
(29), which corresponds to vanishing of the term with the derivative over a
spectral variable ∂λ.
A symmetric bivector of conformal structure can be obtained from formula
(17) or from the symbol of linearisation of system (28-29),
h = (1 + µ2τ )e
−2ϕe1 · e2 + (e3)
2, (36)
the metric reads, respectively,
g = 4(1 + µ2τ )
−1e2ϕe1 · e2 + e3 · e3, (37)
its signature is Euclidean. Similar to the case of operators (31) it is possible to
demonstrate that the matrix part of commutativity conditions (35) represents
Yang-Mills-Higgs system (14)
DΦ + 12ωΦ = ∗F (38)
for metric (conformal structure) (37) and 1-form ω
ω = −
(
iµz¯
1 + iµτ
)
τ
e1 +
(
iµz
1− iµτ
)
τ
e2 +
(
4ϕτ − ∂τ ln(1 + µ
2
τ )
)
e3, (39)
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or the Bogomolny equations on the background of an Einstein-Weyl geometry.
Results of the work [4] imply that real Einstein-Weyl geometry (37), (39)
connected with system (28-29) gives a local form of a generic Einstein-Weyl
geometry with Euclidean signature, and we come to the following conclusion:
Proposition 3. The Bogomolny equations on the background of an Einstein-
Weyl geometry (real, with the Euclidean signature) (38) locally reduce to equa-
tions of commutativity of operators (32), so that the scalar part of commutativ-
ity conditions (connected with vector fields) corresponds to the system (28-29),
defining an Einstein-Weyl geometry (37), (39), and the matrix (gauge) part
gives the Bogomolny equations on the background of this Einstein-Weyl geome-
try.
4 Hierarchies, a matrix extension, the dressing
method
In this part we will give a brief description of the hierarchies connected with
systems (1) and (28-29) and their matrix extensions. Our presentation is based
on the works [7], [15]. Considering the hierarchies clarifies the connections
between the systems and the origin of transformation (26).
4.1 The generalised dispersionless d2DTL hierarchy and
its matrix extension
The set of Lax-Sato equations of the hierarchy connected with system (1) reads
[7], [15] (
∂xn −
(
enΛλ∂λΛ
{Λ,M}
)out
+
∂t +
(
enΛ∂tΛ
{Λ,M}
)out
+
λ∂λ
)(
Λ
M
)
= 0, (40)(
∂yn +
(
e−nΛλ∂λΛ
{Λ,M}
)in
−
∂t −
(
e−nΛ∂tΛ
{Λ,M}
)in
−
λ∂λ
)(
Λ
M
)
= 0, (41)
where a Poisson bracket is defined as {f, g} = λ(fλgt − ftgλ), and we consider
formal series
Λout = lnλ+
∞∑
k=1
l+k λ
−k, Λin = lnλ+ φ+
∞∑
k=1
l−k λ
k,
Mout =Mout0 +
∞∑
k=1
m+k e
−kΛout , M in =M in0 +m0 +
∞∑
k=1
m−k e
kΛin ,
M0 = t+
∞∑
k=1
xke
kΛ −
∞∑
k=1
yke
−kΛ, (42)
where λ is a spectral variable, (. . . )−, (. . . )+ are standard projectors of Laurent
series to negative and non-positive powers respectively. Usually we suggest that
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‘out’ and ‘in’ components define the functions inside and outside the unit circle
in the complex plane, with Λin − lnλ, M in −M in0 analytic in the unit disc and
Λout−lnλ,Mout−Mout0 analytic outside the unit disc and decreasing at infinity.
For a function on the complex plane, having a discontinuity on the unit circle,
by ‘in’ and ‘out’ components we mean the function inside and outside the unit
disc. Lax-Sato equations are equivalent to the generating relation
({Λ,M}−1dΛ ∧ dM)out = ({Λ,M}−1dΛ ∧ dM)in, (43)
suggesting analyticity of the 2-form
ω = {Λ,M}−1dΛ ∧ dM (44)
in the complex plane. The dressing scheme for hierarchy (41) can be formulated
in terms of two-component nonlinear Riemann-Hilbert problem on the unit circle
Λout = F1(Λ
in,M in),
Mout = F2(Λ
in,M in),
(45)
Lax-Sato equations for the times x = x1, y = y1 correspond to Lax pair (2).
To obtain a matrix extension of the hierarchy, we introduce in addition a
matrix Riemann-Hilbert problem
Ψout = ΨinR(Λin,M in), (46)
the matrix-valued function Ψ is normalised by 1 at infinity and analytic, having
no zeroes, inside and outside the unit circle,
Ψout = 1 +
∞∑
n=1
Ψ+n (t)λ
−n, Ψin =
∞∑
n=0
Ψ−n (t)λ
n. (47)
Unity normalisation of the function Ψ accounts for fixing the gauge correspond-
ing to the operators of the form (11). General operators of matrix (gauge)
extension of the type (20) require unnormalised regular (bounded at infinity)
solutions of problem (46). Matrix Riemann problem implies analyticity of the
matrix-valued 3-form
Ω = ω ∧ dΨ ·Ψ−1,
corresponding to an additional generating relation for the matrix extension of
the hierarchy,
(ω ∧ dΨ ·Ψ−1)in = (ω ∧ dΨ ·Ψ−1)out, (48)
which gives Lax-Sato equations for series (47), defining their evolution on the
background produced by Lax-Sato equations (41),
∂xn
(
Λ
M
)
= V +n (λ)
(
Λ
M
)
, ∂yn
(
Λ
M
)
= V −n (λ)
(
Λ
M
)
,
∂xnΨ =
(
V +n (λ) − ((V
+
n (λ)Ψ) ·Ψ
−1)out+
)
Ψ,
∂ynΨ =
(
V −n (λ) − ((V
−
n (λ)Ψ) ·Ψ
−1)in
−
)
Ψ, (49)
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where vector fields V +n (λ), V
−
n (λ) are defined by (41) and have the coefficients
polynomial respectively in λ and λ−1.
4.2 The hierarchy and its matrix extension for symmetric
system (28-29)
The formal series in this case look symmetric with respect to the involution
transposing zero and infinity [7],
Λout = lnλ+ ϕ+
∞∑
k=1
l+k λ
−k, Λin = lnλ− ϕ+
∞∑
k=1
l−k λ
k,
Mout =Mout0 + iµ+
∞∑
k=1
m+k e
−kΛout , M in =M in0 − iµ+
∞∑
k=1
m−k e
kΛin ,
M0 = τ +
∞∑
k=1
zke
kΛ −
∞∑
k=1
(−1)k−1z¯ke
−kΛ, (50)
series of this form are obtained from series of the form (42) by transformation
(26) with an additional twisting of a spectral variable λ → eϕλ, ϕ = − 12φ.
A real Euclidean reduction of an Einstein-Weyl geometry corresponds to the
symmetry
L¯
(
−λ¯−1
)
= −L−1(λ), L = eΛ,
M¯
(
−λ¯−1
)
=M(λ) (51)
Generating relation (43) is unchanged, and Lax-Sato equations are modified,(
∂zn −
(
λ{Λ,M}(λ,zn)
{Λ,M}
)out
+
∂τ +
(
{Λ,M}(τ,zn)
{Λ,M}
)out
+
λ∂λ
)(
Λ
M
)
= 0,(
∂z¯n −
(
λ{Λ,M}(λ,z¯n)
{Λ,M}
)in
−
∂τ +
(
{Λ,M}(τ,z¯n)
{Λ,M}
)in
−
λ∂λ
)(
Λ
M
)
= 0, (52)
Where the definition of projector (. . . )− is changed to give non-positive powers
of the series, {f, g}(x,y) := fxgy − fygx (two-dimensional Jacobian). Lax-Sato
equations (52) for z = z1, z¯ = z¯1 correspond to Lax pair (27).
Reduction (51) can be provided using a symmetric Riemann-Hilbert problem
R¯(−eΛ¯
out
, M¯out) = R(e−Λ
in
,M in), (53)
A matrix extension is constructed similar to the preceding case. To preserve
a symmetric form of the series with respect to an involution of zero and infinity
(needed to perform reductions), we do not fix the normalisation and consider
series of the form
Ψout =
∞∑
n=0
Ψ+n (t)λ
−n, Ψin =
∞∑
n=0
Ψ−n (t)λ
n.
13
Extended Lax-Sato equations are analogous to equations (49),
∂zn
(
Λ
M
)
= V +n (λ)
(
Λ
M
)
, ∂z¯n
(
Λ
M
)
= V −n (λ)
(
Λ
M
)
,
{∂zn − V
+
n (λ)}Ψ =
(
({∂zn − V
+
n (λ)}Ψ) ·Ψ
−1
)out
+
Ψ,
{∂z¯n − V
−
n (λ)}Ψ =
(
({∂z¯n − V
−
n (λ)}Ψ) ·Ψ
−1
)in
−
Ψ, (54)
taking into account a modification of vector fields and projectors corresponding
to equations (52). Lax-Sato equations (54) for z = z1, z¯ = z¯1 correspond to Lax
pair (31), (32).
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